
Statické momenty a těžǐstě pr̊ǔrez̊u
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Statické momenty a těžǐstě pr̊ǔrez̊u

Plocha pr̊ǔrezu A =
∫

A

dA

Statické momenty pr̊ǔrezu
k ose x a k ose y

Ux =
∫

A

y dA, Uy =
∫

A

x dA

Statický moment k ose, která procháźı těžǐstěm (těžǐst’ové ose), je nulový.

Soǔradnice těžǐstě pr̊ǔrezu xT =
Uy

A
=

∫
A

x dA∫
A

dA

, yT =
Ux

A
=

∫
A

y dA∫
A

dA

Má-li pr̊ǔrez jednu osu symetrie, lež́ı těžǐstě na této ose symetrie.
Má-li pr̊ǔrez dvě nebo v́ıce os symetrie, lež́ı těžǐstě v pr̊useč́ıku os symetrie.
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Těžǐstě jednoduchých pr̊ǔrez̊u

Čtverec, obdélńık, kosočtverec, kosodélńık - těžǐstě v pr̊useč́ıku úhlop̌ŕıček

Kruh - těžǐstě ve sťredu kružnice

Trojúhelńık - těžǐstě v pr̊useč́ıku spojnic vrchol̊u se sťredy protilehlých stran
(lež́ı na těžnici v jedné ťretině výšky trojúhelńıka)
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Obdélńık - výpočet statických moment̊u

dA

T

x

y

b

h
y

dy

0

dA = b dy

Ux =
∫

A

y dA =
∫ h

0

by dy = b

∫ h

0

y dy =

= b

[
y2

2

]h

0

=
1
2
bh2

dA
T

x

y

b

h

x dx

0

dA = h dx

Uy =
∫

A

x dA =
∫ b

0

hx dx = h

∫ b

0

x dx =

= h

[
x2

2

]b

0

=
1
2
hb2
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Obdélńık - soǔradnice těžǐstě

T

x

y

b

h

0

A = bh

xT =
1
2
b

yT =
1
2
h

výpočet soǔradnic těžǐstě

xT =
Uy

A
=

1
2hb2

bh
=

1
2
b

yT =
Ux

A
=

1
2bh2

bh
=

1
2
h
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Čtverec - statické momenty a soǔradnice těžǐstě

T

x

y

a

a

0

A = a2

xT =
1
2
a

yT =
1
2
a

výpočet statických moment̊u a soǔradnic těžǐstě

pro čtverec plat́ı b = h = a

Ux =
1
2
a3, Uy =

1
2
a3,

xT = yT =
1
2a3

a2
=

1
2
a
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Pravoúhlý trojúhelńık - výpočet statických moment̊u

T

x

y
b

h

y

dy
x
dA

0 dA = x dy diferenciál plochy proužku

z podobnosti trojúhelńık̊u plyne

x

b
=

y

h
⇒ x =

b

h
y

dA = x dy =
b

h
y dy

A =
∫

A

dA =
∫ h

0

b

h
y dy =

b

h

∫ h

0

y dy =
b

h

[
y2

2

]h

0

=
b

h

h2

2
=

1
2
bh

Ux =
∫

A

y dA =
∫ h

0

b

h
y2 dy =

b

h

∫ h

0

y2 dy =
b

h

[
y3

3

]h

0

=
b

h

h3

3
=

1
3
bh2
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Pravoúhlý trojúhelńık - výpočet statických moment̊u

T

x

y

b

h

y

dx x

dA

0

dA = y dx diferenciál plochy proužku

z podobnosti trojúhelńık̊u plyne

y

h
=

x

b
⇒ y =

h

b
x

dA = y dx =
h

b
x dx

Uy =
∫

A

x dA =
∫ b

0

h

b
x2 dx =

h

b

∫ b

0

x2 dx =
h

b

[
x3

3

]b

0

=
h

b

b3

3
=

1
3
b2h
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Pravoúhlý trojúhelńık - soǔradnice těžǐstě

T

x

y

b
xT x′

T

h

yT

y
′

T

0

y′

x′
A =

1
2
bh

xT =
1
3
b

yT =
1
3
h

výpočet soǔradnic těžǐstě

x′
T =

Uy′

A
=

1
3b2h
1
2bh

=
2
3
b, y′

T =
Ux′

A
=

1
3bh2

1
2bh

=
2
3
h

Statické momenty byly vypočteny k osám x′ a y′, proto je poťreba soǔradnice
těžǐstě p̌repoč́ıtat do soǔradnic s osami x a y

xT = b− x′
T = b− 2

3
b =

1
3
b, yT = h− y′

T = h− 2
3
h =

1
3
h
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Rovnoramenný trojúhelńık - výpočet statických moment̊u

T

x

y
b

h

y

dy
x
dA

0 dA = x dy diferenciál plochy proužku

z podobnosti trojúhelńık̊u plyne

x

b
=

y

h
⇒ x =

b

h
y

dA = x dy =
b

h
y dy

Analogicky jako v p̌ŕıpadě pravoúhlého trojúhelńıku se odvod́ı

A =
∫

A

dA =
∫ h

0

b

h
y dy =

b

h

∫ h

0

y dy =
b

h

[
y2

2

]h

0

=
b

h

h2

2
=

1
2
bh

Ux =
∫

A

y dA =
∫ h

0

b

h
y2 dy =

b

h

∫ h

0

y2 dy =
b

h

[
y3

3

]h

0

=
b

h

h3

3
=

1
3
bh2

Statický moment Uy nepoč́ıtáme; vzhledem k symetrii trojúhelńıku podle osy y je
statický moment Uy nulový a těžǐstě lež́ı na ose y
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Rovnoramenný trojúhelńık - soǔradnice těžǐstě

T

x

y

b

h

yT

y
′

T

0

x′
A =

1
2
bh

xT =
1
2
b

yT =
1
3
h

výpočet soǔradnic těžǐstě

Trojúhelńık je symetrický podle osy symetrie, těžǐstě lež́ı na ńı, tedy xT =
1
2
b

y′
T =

Ux′

A
=

1
3bh2

1
2bh

=
2
3
h

Statický moment Ux′ byl vypočten k ose x′, soǔradnici yT p̌repočteme k ose x

yT = h− y′
T = h− 2

3
h =

1
3
h
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Čtvrtkruh - výpočet statických moment̊u

T

x

y

x

y

dy dA

0

r

dA = x dy diferenciál plochy proužku

rovnice kružnice o poloměru r, sťredu [0, 0]
x2 + y2 = r2

x =
√

r2 − y2 pro x ≥ 0

dA = x dy =
√

r2 − y2 dy

Ux =
∫

A

y dA =
∫ r

0

y
√

r2 − y2 dy =

∣∣∣∣∣∣∣∣∣∣∣

t = r2 − y2

dt = −2y dy

−1
2

dt = y dy

y = 0 ⇒ t = r2

y = r ⇒ t = 0

∣∣∣∣∣∣∣∣∣∣∣
= −1

2

∫ 0

r2

√
t dt =

= +
1
2

∫ r2

0

t
1
2 dt =

1
2

[
t

3
2

3
2

]r2

0

=
1
2
· 2
3

[√
t3

]r2

0
=

1
3

√
r6 =

1
3
r3
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Čtvrtkruh - výpočet statických moment̊u

T

x

y

x dx

y dA

0

r

dA = y dx diferenciál plochy proužku

rovnice kružnice o poloměru r, sťredu [0, 0]
x2 + y2 = r2

y =
√

r2 − x2 pro y ≥ 0

dA = y dx =
√

r2 − x2 dx

Analogicky jako statický moment Ux se odvod́ı

Uy =
∫

A

x dA =
∫ r

0

x
√

r2 − x2 dx =

∣∣∣∣∣∣∣∣∣∣∣

t = r2 − x2

dt = −2x dx

−1
2

dt = x dx

x = 0 ⇒ t = r2

x = r ⇒ t = 0

∣∣∣∣∣∣∣∣∣∣∣
= −1

2

∫ 0

r2

√
t dt =

= +
1
2

∫ r2

0

t
1
2 dt =

1
2

[
t

3
2

3
2

]r2

0

=
1
2
· 2
3

[√
t3

]r2

0
=

1
3

√
r6 =

1
3
r3
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Čtvrtkruh - výpočet obsahu

Použijeme odvozeného vztahu dA = y dx =
√

r2 − x2 dx

A =
∫

A

dA =
∫ r

0

√
r2 − x2 dx =

∣∣∣∣∣∣∣∣∣∣∣∣

x = r sin t
dx = r cos t dt

(t = arcsin
x

r
)

x = 0 ⇒ t = arcsin 0 = 0
x = r ⇒ t = arcsin 1 =

π

2

∣∣∣∣∣∣∣∣∣∣∣∣
=

=
∫ π

2

0

√
r2 − r2 sin2 t r cos t dt = r2

∫ π
2

0

√
1− sin2 t cos t dt =

=
∣∣∣∣1 = sin2 t + cos2 t
1− sin2 t = cos2 t

∣∣∣∣ = r2

∫ π
2

0

cos2 t dt =
∣∣∣∣cos2 t =

1 + cos 2t

2

∣∣∣∣ =

= r2

∫ π
2

0

1
2
(1 + cos 2t) dt =

1
2
r2

[
t +

1
2

sin 2t

]π
2

0

=

=
1
2
r2

(
π

2
+

1
2

sinπ − 0− 1
2

sin 0
)

=
1
2
r2

(π

2
+ 0

)
=

1
4
πr2
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Čtvrtkruh - soǔradnice těžǐstě

T

x

y

r0

A =
1
4
πr2

xT =
4r

3π

yT =
4r

3π

výpočet soǔradnic těžǐstě

xT =
Uy

A
=

1
3r3

1
4πr2

=
4r

3π

yT =
Ux

A
=

1
3r3

1
4πr2

=
4r

3π
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Půlkruh - výpočet statických moment̊u

T

x

y

x

y

dy dA

0

r

dA = 2x dy diferenciál plochy proužku

rovnice kružnice o poloměru r, sťredu [0, 0]
x2 + y2 = r2

x =
√

r2 − y2 pro x ≥ 0

dA = 2x dy = 2
√

r2 − y2 dy

Analogicky jako v p̌ŕıpadě čtvrtkruhu odvod́ıme

Ux =
∫

A

y dA = 2
∫ r

0

y
√

r2 − y2 dy =

∣∣∣∣∣∣∣∣∣∣∣

t = r2 − y2

dt = −2y dy

−1
2

dt = y dy

y = 0 ⇒ t = r2

y = r ⇒ t = 0

∣∣∣∣∣∣∣∣∣∣∣
= −

∫ 0

r2

√
t dt =

= +
∫ r2

0

t
1
2 dt =

[
t

3
2

3
2

]r2

0

=
2
3

[√
t3

]r2

0
=

2
3

√
r6 =

2
3
r3
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Půlkruh - soǔradnice těžǐstě

T

x

y

r0

A =
1
2
πr2

xT = r

yT =
4r

3π

výpočet soǔradnic těžǐstě

Půlkruh je symetrický podle osy symetrie, těžǐstě lež́ı na ńı, tedy xT = r

yT =
Ux

A
=

2
3r3

1
2πr2

=
4r

3π
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Určeńı těžǐstě pr̊ǔrez̊u pomoćı statických moment̊u

Kruh - soǔradnice těžǐstě

T

x

y

r0

A = πr2

xT = r

yT = r

výpočet soǔradnic těžǐstě

Osy symetrie kruhu procházej́ı jeho sťredem, těžǐstě lež́ı ve sťredu kružnice

xT = yT = r
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Neurčitý integrál - vlastnosti, vzorce, integračńı metody

Shrnut́ı základńıho matematického aparátu poťrebného pro výpočet statických
moment̊u a těžǐst’ pr̊ǔrez̊u

Vlastnosti neurčitého integrálu∫
[f(x)± g(x)] dx =

∫
f(x) dx±

∫
g(x) dx∫

cf(x) dx = c

∫
f(x) dx
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Neurčitý integrál - vlastnosti, vzorce, integračńı metody

Základńı vzorce pro integrováńı

1

∫
xn dx =

xn+1

n + 1
+ c, (n 6= −1)

∫
1 dx = x + c

2

∫
1
x

dx = ln |x|+ c

3

∫
ex dx = ex + c,

∫
ax dx =

ax

ln a
+ c

4

∫
sinx dx = − cos x + c,

∫
cos x dx = sinx + c

5

∫
1

sin2 x
dx = −cotgx + c,

∫
1

cos2 x
dx = tgx + c

6

∫
1

A2 + x2
dx =

1
A

arctg
x

A
+ c,

∫
1

A2 − x2
dx =

1
2A

ln
∣∣∣∣A + x

A− x

∣∣∣∣ + c,

7

∫
1√

A2 − x2
dx = arcsin

x

A
+ c,

∫
1√

x2 ±B
dx = ln

∣∣∣x +
√

x2 ±B
∣∣∣ + c
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Neurčitý integrál - vlastnosti, vzorce, integračńı metody

Substitučńı metoda∫
f [ϕ(x)]ϕ′(x) dx =

∣∣∣∣ t = ϕ(x)
dt = ϕ′(x) dx

∣∣∣∣ =
∫

f(t) dt

Ze substitučńı metody plynou následuj́ıćı vzorce:

Integrace funkce s lineárńı vniťrńı složkou∫
f(ax + b) dx =

1
a
F (ax + b) + c

Speciálńı p̌ŕıpad zlomku∫
f ′(x)
f(x)

dx = ln |f(x)|+ c
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Neurčitý integrál - vlastnosti, vzorce, integračńı metody

Metoda per partes∫
u(x)v′(x) dx = u(x)v(x)−

∫
u′(x)v(x) dx
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Určitý integrál - vlastnosti, výpočet

Vlastnosti určitého integrálu∫ b

a

[f(x)± g(x)] dx =
∫ b

a

f(x) dx±
∫ b

a

g(x) dx∫ b

a

cf(x) dx = c

∫ b

a

f(x) dx

Aditivita vzhledem k meźım∫ b

a

f(x) dx =
∫ c

a

f(x) dx +
∫ b

c

f(x) dx

Výměna meźı určitého integrálu∫ b

a

f(x) dx = −
∫ a

b

f(x) dx, (a > b)∫ a

a

f(x) dx = 0, (a = b)
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Určitý integrál - vlastnosti, výpočet

Newton - Leibnizova formule pro výpočet určitého integrálu∫ b

a

f(x) dx = [F (x)]ba = F (b)− F (a)

F je primitivńı funkce k f , tedy neurčitý integrál

∫
f(x) dx = F (x) + c
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Určitý integrál - vlastnosti, výpočet

Metoda per partes pro určitý integrál∫ b

a

u(x)v′(x) dx =
[
u(x)v(x)

]b

a
−

∫ b

a

u′(x)v(x) dx

Substitučńı metoda pro určitý integrál∫ β

α

f
[
ϕ(x)

]
ϕ′(x) dx =

∣∣∣∣ t = ϕ(x)
dt = ϕ′(x) dx

∣∣∣∣ =
∫ ϕ(β)

ϕ(α)

f(t) dt
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